We prove that any compact Kähler manifold bearing a holomorphic Cartan geometry contains a rational curve just when the Cartan geometry is inherited from a holomorphic Cartan geometry on a lower dimensional compact Kähler manifold. This shows that many complex manifolds admit no or few holomorphic Cartan geometries.
Introduction

Convexity
A rational curve in a complex manifold M is a non-constant holomorphic map f : P 1 → M; it is free if f * TM is spanned by its global sections, ample if f * TM is a sum of line bundles of positive degree. A complex manifold is convex if every rational curve in it is free. We will define Cartan geometries in section 2 on page 147. On page 149 we will prove: Theorem 1. Any complex manifold M bearing a holomorphic Cartan geometry is convex.
A proper surjective holomorphic map Z → Y between complex spaces is a modification if it is a biholomorphism away from some closed complex subvarieties in Y and Z of positive codimension. On page 163 we will prove: Corollary 1. Suppose that f : Z → Y is a modification of reduced complex spaces with Y smooth. Suppose that there is a smooth point of Z near which f is not a local isomorphism. Then the set of smooth points of Z bears no holomorphic Cartan geometry.
For example, if f : Z → Y is the blowup of a subvariety Y 0 ⊂ Y, then over smooth points of Y 0 , Z is smooth and f is not a local isomorphism, so Z admits no holomorphic Cartan geometry. Proposition 2.1 of [45] is a similar result.
The main theorem
Any complex space X has a complex space D = D X , the Douady space of X, and subspace Z ⊂ D × X, the universal flat family, uniquely determined up to isomorphism so that if D ′ is a complex space and Z ′ ⊂ D ′ × X is flat and proper over D ′ then there exists a unique holomorphic map D ′ → D such that Z ′ = D ′ × D Z. For proof, see [39, p. 50, Cor. 6.0.3] . A rational curve is tame if its graph lies in a compact irreducible component of the Douady space of compact complex subspaces of P 1 × M. A complex manifold is tame if every rational curve in it is tame. Compact complex curves and surfaces are tame [25, p. 387] . Holomorphic bundles of tame complex spaces with tame base have tame total space. A Fujiki space is a compact complex space whose reduction is the meromorphic (or equivalently, holomorphic) image of a compact Kähler manifold [2] §1.2.4. For any Fujiki space S, each component of the Douady space of any reduced compact complex subspace of S is a Fujiki space [22, p. 189 ], hence compact. If S is Fujiki then P 1 × S is also Fujiki, so Fujiki manifolds are tame. A reduced and irreducible compact complex space is Moishezon if it is bimeromorphic to a smooth complex projective variety [48, p. 26, Thm 3.6] ; Moishezon spaces are Fujiki and so tame. A rational homogeneous variety is a connected and simply connected complex projective variety with a holomorphic, transitive and effective action of a connected complex Lie group.
We will define dropping of Cartan geometries on on the next page. On page 161 we will prove our main theorem: Theorem 2. Take a complex homogeneous space (X, G), X = G/H. Let M be a connected tame compact complex manifold with a holomorphic (X, G)-geometry. Then there is a holomorphic fiber bundle map M → M ′ , the maximal rationally connected fibration [36, p. 222] Clearly M ′ is a point just when M is a rational homogeneous variety with its model geometry. For example, a connected tame compact complex manifold containing a rational curve and bearing a holomorphic projective or conformal connection is biholomorphic to projective space or a smooth quadric hypersurface with its standard flat projective or conformal Cartan connection. On page 164 we will prove:
1. the geometry drops as in Theorem 2 on the facing page or 2. M is an abelian variety, up to finite unramified covering or 3. the biholomorphism group of M is finite.
Proof. Note that M is a smooth projective variety by Corollary 2 on the preceding page. If a holomorphic vector field on M has a zero, and is not everywhere zero, then M contains a rational curve [34, p. 319, Cor. 3.5] , so the Cartan geometry drops by Theorem 2. If there is a holomorphic vector field on M with no zeroes, then the Bott residue formula ensures that M has a finite unramified covering by an abelian variety.
On the other hand, suppose that M is a compact connected complex manifold with a holomorphic Cartan geometry, but not a smooth projective variety and so not a Moishezon manifold. A complex homogeneous space (X, G) is algebraic if X is a complex algebraic variety with an effective algebraic group action of a complex algebraic group G. Dumitrescu [20] proved that near the generic point of M there is a nonzero holomorphic vector field whose flow preserves every holomorphic Cartan geometry on M with algebraic model and also preserves every holomorphic tensor on M. In particular, every such Cartan geometry has local symmetries. On page 164 we will prove: 
Definitions
Cartan geometries
Throughout we use the convention that structure groups of principal bundles act on the right. If E → M is a principal G-bundle, denote the G-action as rg e = eg, where e ∈ E and g ∈ G.
Definition 1. Take a Lie group H with Lie algebra h and an H-module V containing h as an H-submodule. A V , H-geometry on a manifold M is a choice of C ∞ principal H-bundle E → M with a smooth 1-form ω ∈ Ω 1 (E) ⊗ V called the Cartan connection, so that:
For each A ∈ V, define a vector field ⃗
A on E by the equation ⃗ A ω = A; this defines ⃗ A uniquely by (2) . For every A ∈ h, the vector field ⃗ A coincides with the one arising from the right principal bundle action of H.
Take a manifold X homogeneous for the action of a Lie group G, with a chosen point x 0 ∈ X having stabilizer H ⊂ G. An (X, G)-geometry, also called a Cartan geometry modelled on (X, G), is a V , H-geometry for V . .= g the Lie algebra of G, which is an H-module by restriction of the adjoint G-action to H.
For any homogeneous space (X, G) with chosen point x 0 , the principal bundle g ∈ G ↦ → gx 0 ∈ X is an (X, G)-geometry, called the model Cartan geometry, with Cartan connection ω = g −1 dg, the left invariant Maurer-Cartan 1-form on G.
Conversely, a given V , H-geometry drops to a certain V , H ′ -geometry if it is isomorphic to the V , H-lift of the V , H ′ -geometry in question. For example, if X is connected homogeneous G-space then an (X, G)-geometry on a connected manifold drops to a (*, G)-geometry (where * is a point with trivial G-action) just when the geometry is isomorphic to its model.
A complex homogeneous space is a complex manifold X with transitive holomorphic action of a complex Lie group G. A Cartan geometry modelled on a complex homogeneous space is holomorphic if the bundle is a holomorphic principal bundle and the Cartan connection is a holomorphic 1-form. Isomorphisms of holomorphic Cartan geometries are biholomorphic.
Connections and Cartan connections
Let ω be the Cartan connection of a holomorphic Cartan geometry E → M modelled on a homogeneous space X = G/H. The Lie algebra g is equipped with the adjoint action of H, so g/h is also an H-module. 
Development
We will define the well known concept of developing map [26, p. 3] 
our candidate for the bundle developing map. Because we constructed our bundle B above a parallel section Z ⊂ f * E G , we have ω G = 0 on B, i.e. the bundle developing map satisfies 0 = Ad −1 g ω + g −1 dg, which we can write as dg g −1 = −ω. Retracing our steps, we uniquely determine the bundle developing map of any framed family of integrals by the requirements given above. 
as holomorphic vector bundles with connection. 
Development of rational curves
Note that any family of simply connected complex curves in a complex manifold with Cartan geometry is a family of integrals, because the curvature of the holomorphic connection ω G is a holomorphic 2-form valued in a vector bundle, and so vanishes on curves.
We now prove Theorem 1.
Proof. Suppose that E → M is a holomorphic Cartan geometry, say with model (X, G). The developing map f 1 : P 1 → X has associated isomorphism f * TM → f * 1 TX. The Lie algebra g of G acts on X as a collection of holomorphic vector fields. Since the action of G on X is transitive, the tangent space of X at each point is spanned by the image of g. In particular, TX is spanned by its global holomorphic sections. Pulling back those sections via f 1 , the vector bundle f * 1 TX is also spanned by its global holomorphic sections, i.e. f 1 is free. By Lemma 3, the vector bundle f * TM = f * 1 TX is also spanned by its global holomorphic sections, so f is also free.
Lemma 4. Suppose that (X, G) is a complex homogeneous space X = G/H and that E → M is an (X, G)geometry, and f : P 1 → M is a rational curve. Then the holomorphic vector bundle f * Proof. Since every rational curve is free, we can apply Horikawa's deformation theorem [32, p. 649 ].
The following lemma is essentially Theorem 2 of [33, p. 55].
Lemma 6.
Suppose that M is a complex manifold bearing a holomorphic Cartan geometry and f : 
The local consequences of rational curves
by ∇ 0 K = K and d∇ p K = ∇ p+1 Kω. Pick a point m ∈ M and a point e ∈ Em ⊂ E. Take any v 1 , v 2 , w ∈ Tm M. Take any vectors A 1 ,
where π ′ : TE → TM is the differential of π. If K (A1, A 2) = 0 and B ∈ h, then
Take v 1 tangent to a rational curve in M. Then 
The result follows from [14, p. 15] (unnumbered theorem) where our notation E, H, H ′ , K is Čap's G, Q, P, κ.
Corollary 4. Suppose that H ⊂ G is a closed complex sugroup of a complex Lie groups and the associated Lie algebra h g is a maximal proper complex Lie subalgebra. Suppose that E → M is a holomorphic (X, G)geometry on a connected complex manifold, X = G/H, and M contains a rational curve. Then the (X, G)geometry is flat and locally isomorphic to the model Cartan geometry on X.
For example, on any connected complex manifold containing a rational curve, every holomorphic conformal or projective connection is flat.
Corollary 5. Suppose (X, G) is a complex homogeneous space and that E → M is a holomorphic (X, G)geometry on a connected complex manifold. Suppose that M contains an ample rational curve. Then the (X, G)geometry is flat and locally isomorphic to the model Cartan geometry on X.
Proof. The ample ambient tangent bundle along the rational curve prevents the rational curve from sitting in the leaves of a foliation.
Families of rational curves and trees
Definition 2. A tree of projective lines is a proper nodal curve of arithmetic genus zero, or in other words, it is a compact, connected and simply connected reduced complex projective curve with only nodal singularities such that each irreducible component is a projective line. A rational tree in a complex manifold M is a nonconstant morphism f : T → M from a tree of projective lines. Definition 4. A rational chain of length ℓ in a complex space X is a rational tree whose irreducible components
Two points m and m ′ of a complex space M are chain equivalent if they lie in the image of a rational chain. The rational envelope Rm of a point m is its chain equivalence class. Proof. In a flat family of rational trees, some fiber might have nonnodal singularities, failing thereby to be a rational tree. By Grauert's theorem [28, p. 207 Thm. 6] [8, p. 10, Thm. 2.3], the dimension, topological Euler characteristic, number of components and arithmetic genus are preserved in a flat family of compact complex curves. Therefore every irreducible component is the image of a rational curve. The fiber is the image of a proper curve consisting of projective lines, perhaps with nonnodal singularities. By introducing extra irreducible components so that the nonnodal singularities are resolved to nodal singularities, every fiber is thus the image of a rational tree, perhaps in many ways.
Rational envelopes in convex manifolds
We received essential assistance in writing the following proof from János Kollár.
Proposition 2. Let M be a tame convex compact complex manifold. Every rational envelope in M is an irreducible closed analytic subvariety of M.
For each point m 0 ∈ M, there is a flat family of rational trees Zm 0 → Ym 0 whose generic nonempty fiber over the Douady space is a rational chain through m 0 , and whose every fiber is the image of a rational chain through m 0 , so that these fibers reach every point of the rational envelope Rm 0 , i.e. Zm 0 → Rm 0 is onto.
Proof. The idea of the proof of the proposition is that of Suppose that we can prove that for any rational curve g :
We then have every rational curve through m 0 contained in both Y 1 and
Suppose that there is a rational curve g : P 1 → M with image not contained in Y and with m 0 ∈ g (︀ P 1 )︀ ; we look for a contradiction. Let Γ ⊂ P 1 × M be the graph of that rational curve. By lemma 5, Γ is a smooth point of the Douady space of compact complex subspaces of P 1 × M, so lies in a unique component D. Denote by Z ⊂ D × P 1 × M the universal flat family over D. By convexity of P 1 × M, every rational curve in M is free, and its graph is reduced and irreducible, so the generic fiber of Z → D is reduced and irreducible. By tameness of M, Z and D are compact.
Let 
By freedom, and the classification of vector bundles on the projective line [30, p. 122, Théorème 1.1], at every point w ∈ P 1 , the valuesḣ(w) of these sectionsḣ have the same dimension as the values ofḣ(z). By the implicit function theorem, we can move the point h(w) by small deformations of h to sweep out a smooth complex manifold of at least as large a dimension as that of Y. By Remmert's proper mapping theorem [8, 
Every element Γ ∈ D lies in a flat family of subvarieties whose generic element is a rational curve in P 1 × M. So every element of D has the same image in M as some rational tree in P 1 × M by Lemma 8 on the preceding page. This rational tree is a connected finite union of rational curves in P 1 × M, so if one point of the tree strikes P 1 × Rm then the image of the tree lies in P 1 × Rm. Therefore the irreducible subvariety Y ′ lies in Rm. But Y is maximal among subvarieties in Rm containing m, a contradiction. For any smooth point m ∈ Y, every rational curve through m lies in Y. Take a point m ∈ Y, perhaps not smooth, and a rational curve g : P 1 → M so that g(0) = m. Every deformation of g touching a smooth point of Y lies entirely in Y. But there are deformations arbitrarily close to g passing through smooth points of Y, so g lies entirely in Y.
By the same process, after a finite number of steps, the dimension of the set swept out by the universal flat family of chains, generically of length ℓ, containing a point m 0 ∈ M stops increasing with ℓ, and is a compact subvariety of M. Therefore, the generic point of Rm 0 lies along some rational chain of length at most ℓ. Chains of that length passing through m 0 live in a proper flat family, the image of which is a compact subvariety of Rm 0 , again by the Remmert proper mapping theorem, so is all of Rm 0 because Rm 0 is irreducible.
For a pair of general points of Rm 0 , [36, p. 215, Theorem IV.4.13] gives an explicit bound on the length of rational chains connecting them.
We are not aware of an example of a convex compact connected complex manifold M and point m 0 ∈ M where Rm 0 is not smooth or not simply connected, but we have no proof that Rm 0 is smooth or simply connected. For generic m ∈ M, the rational envelope Rm is a fiber of the MRC fibration and thus smooth and rationally connected [37] . Campana's theorem [13, p. 545, Theorem 3.5] thereby proves that Rm is simply connected for generic m. See the discussion of Campana's theorem in section 7 below. When we apply Proposition 2, we have to prove that the particular rational envelopes arising in our applications are smooth.
Families of rational trees in Cartan geometries
Take a complex homogeneous space (X, G) and a holomorphic (X, G)-geometry E → M. Take a family of rational trees (Z → Y , s, f 0) through a point m 0 ∈ M and a point e 0 ∈ Em 0 . The developing map of the family with frame e 0 is the developing map f 1 : Z → M 1 as defined in subsection 2.3, for the constant section y ↦ → e 0 . Proof. Since M is convex and compact, any rational tree in M through m 0 is the fiber of a flat family of rational curves through m 0 and the same is true for X for the same reason: lemma 7. It suffices to prove the local result for rational curves and take limits in a flat family, since the limits are uniform with derivatives at smooth points, so development extends to the limits. We can take the flat family to be the universal flat family over an irreducible component of the Douady space. By Horikawa's deformation theorem [32, p. 649 ] and convexity of M, the deformations of any rational curve passing through a chosen point m 0 ∈ M are unobstructed and form a smooth moduli space near that curve. All rational trees in M through m 0 develop to rational trees in X, and distinct trees develop to distinct trees. As we vary trees holomorphically, their developments vary holomorphically.
We therefore have an injective morphism between the space of deformations of any rational curve and the space of deformations of its development. The deformations of a rational curve passing through a chosen point m 0 ∈ M form a complex space of dimension given by the dimension of sections of the ambient tangent sheaf vanishing at m 0 . By Lemma 3, the ambient tangent sheaf of a rational curve is identified with the ambient tangent sheaf of any of its developments. Therefore the deformation space of a rational tree and of its development are complex spaces of equal dimension, with tangent spaces identified by development. The developing map, being injective and having injective differential, gives a local isomorphism between these spaces near any smooth point. By the same argument, the developing map is an injective local isomorphism on every stratum of the Douady component. The developing map gives a global isomorphism on each compact component by properness, and therefore on the union of all compact components. Every rational curve is a smooth point in a unique component. If M is tame, this component is compact. Therefore the developing map extends to all rational curves, if M is tame, and then extends to the limits of the rational curves, i.e. to all rational trees.
Pick a family of rational trees f : Z → M through a point m ∈ M. If the image of f is dense in the analytic Zariski topology in Rm, f is a sufficiently large family through m. By Proposition 2, there is a sufficiently large family for each point m in any tame convex compact complex manifold, and any family of rational trees through a chosen point of M whose image has large enough dimension is sufficiently large.
Lemma 10. Suppose that (X, G) is a complex homogeneous space and that E → M is a holomorphic (X, G)geometry on a tame compact complex manifold. Pick a point m 0 ∈ M and a frame e 0 ∈ Em 0 . If a point gx 0 ∈ X lies on the development of a rational tree through m 0 , then every point hgx 0 lies on the development of a rational tree through m 0 , for any point h in the identity component of H.
Proof. Pick a rational tree f : T → X rooted at x 0 ∈ X which is the development of a rational tree in M through m 0 . Let H 0 be the identity component of H. Consider the family F : T × H 0 → X, F(t, h) = hf (t). By Proposition 3, every element of this family of rational trees is the development of a rational tree through m 0 .
Suppose (X, G) is a complex homogeneous space and that E → M is a holomorphic (X, G)-geometry on a complex manifold. Fix a point m 0 ∈ M and a frame e 0 ∈ Em 0 . Pick a rational tree f 0 : T → M through m 0 , and let f 1 : T → X be its development with frame e 0 . The points of f * 1 G can be written as pairs (t, g) where t ∈ T and g ∈ G and f 1 (t) = gx 0 . Let H ′ = H ′ (e0) be the set of elements g ∈ G for which there is some rational tree f 0 through m 0 with development f 1 with frame e 0 and with a point (t, g) ∈ f * 1 G. Call H ′ the drop group;
be the set of elements g ∈ G for which there is some rational tree f 0 through m 0 (whose development we denote f 1 ), and there is some Proof. Suppose that (X, G) is a complex homogeneous space and that E → M is a holomorphic (X, G)geometry on a compact complex manifold. Fix a point m 0 ∈ M and a frame e 0 ∈ Em 0 . Let H ′ be the drop group of e 0 . Take two rational trees f 1 : T 1 → X and f 2 : T 2 → X, both rooted at the point x 0 ∈ X. So each has a marked point, say p 1 ∈ T 1 and p 2 ∈ T 2 so that f 1 (p1) = f 2 (p2) = x 0 . We want simply to imagine sliding the tree T 1 along the tree T 2 , so that the root of T 1 traces out the points of T 2 . If we can do this, then for any point in H ′ coming from T 1 , say g 1 , and any point in H ′ coming from T 2 , say g 2 , we will slide over to find that
The points of Y have the form (q2, g 2) with q 2 ∈ T 2 and g 2 ∈ G so that f 2 (q2) = g 2 x 0 . Let Z 1 = Y × T 1 and Z 2 = Y × T 2 , trivial bundles over Y. Write points of Z 1 as (q2, g 2 , r 1) with r 1 ∈ T 1 , and write points of Z 2 as (q2, g 2 , r 2) with r 2 ∈ T 2 . Map F 1 : Z 1 → X by F 1 (q2, g 2 , r 1) = g 2 f 1 (r1) .
Map F 2 : Z 2 → X by F 2 (q2, g 2 , r 2) = f 2 (r2) .
Say that (q2, g 2 , r 1) ∼ (q2, g 2 , r 2) if r 1 = p 1 and r 2 = q 2 . Let Z = (Z1 ⊔ Z 2) / ∼, i.e., graft the root of tree T 1 to the point q 2 . We can identify Z with the variety Z ⊂ T 1 × T 2 × Y consisting of points (r1, r 2 , q 2 , g 2) so that r 1 = p 1 or r 2 = q 2 . Therefore Z → Y is a proper family. The algebraic variety Z splits into two irreducible components, say Z = Z 1 ∪ Z 2 , given by Z 1 = (r2 = q 2) and Z 2 = (r1 = p 1) . Note that Z 1 ∩ Z 2 ∼ = Y. Away from the "grafting points" (p1, q 2 , q 2 , We take as section s : Y → Z the mapping s (q2, g 2) = (p1, p 2 , q 2 , g 2) .
Clearly we have constructed a family of rational trees through x 0 .
If f 1 and f 2 are developments of trees in M, then each tree in the family F is a development of a tree in M, by Proposition 3, so F is the development of a family of trees in M. 
5). If M is a compact complex manifold, and some compact subvariety of the Douady space of rational chains through a point of M contains curves which cover all of M, then M is simply connected.
It is convenient to restate lemma 13 in the context of convexity.
Lemma 14. If M is a tame convex compact complex manifold connected by rational curves then M is simply connected.
Proof. Since M is connected by rational curves, Rm 0 = M for every point m 0 ∈ M. By Proposition 2, a sufficently large family of rational chains through m 0 covers M; apply lemma 13.
We need a slight variation on the Borel-Remmert theorem [3, p. 216 ].
Proposition 4. If X is a tame rationally connected homogeneous manifold then X is a rational homogeneous variety X = G/P. In particular, X is simply connected.
Proof. Every connected compact homogeneous complex manifold is a homogeneous holomorphic bundle over some flag variety with compact holomorphically parallelizable fibers [3, p. 216 ]. Because X is homogeneous, TX is spanned by global holomorphic sections, so every rational curve on X is free. By lemma 14, X is simply connected. We can assume [50, pp. 3-4] that X is acted on transitively, effectively and holomorphically by a complex semisimple Lie group; let G denote this group, so that F → X → G/P is a holomorphic fiber bundle for some parabolic subgroup P ⊂ G. By [13, p. 545, Proposition 3.4] , H r (X, O) = 0 for r > 0 and H r (︀ G/P, O )︀ = 0 for r > 0. The fiber has H r (F, O) > 0 for r up to the dimension of F, since F has holomorphically parallel tangent bundle. Computing out the exact sequence from X being an F-bundle we see that F has dimension 0. Therefore X is a finite unramified covering space of a rational homogeneous variety. Every rational homogeneous variety is simply connected [3, p. 207] . So X = G/P is a rational homogeneous variety. 
Proof. Every path connected subgroup of a Lie group is a Lie subgroup [24, p. 39] . So H ′ 0 ⊂ G is a Lie subgroup. The subgroup H ′ 0 acts transitively on the set of points in X which lie on the developments through e 0 of rational trees through m 0 , by definition. By Lemma 10, the identity component of H lies in H ′ 0 . If we take any point m ∈ Rm 0 , we can find a rational tree through m 0 and m. We can then develop this rational tree to a rational tree through a point x 0 ∈ X stabilized by H.
By definition of H ′ 0 , the set H ′ x 0 consists precisely of the points lying on developments of rational trees, so precisely of the image of the developing map Rm 0 → X. This image is the image of a closed analytic subvariety by Proposition 2, so is a closed analytic subvariety by Remmert's proper mapping theorem [8, p. 5, Thm. 1.1]. The action of H ′ 0 on this subvariety is holomorphic and transitive, so this subvariety is a complex homogeneous space of H ′ 0 , and H ′ 0 acts on it with stabilizer H ′ 0 ∩ H, which is therefore a closed subgroup of H ′ 0 .
Lemma 15. Fix a point m 0 ∈ M and a frame e 0 ∈ Em 0 . The developing map Rm
Proof. The developing map Rm 0 → H ′ 0 x 0 is surjective by Corollary 6. The developing map is locally injective as a map to X because the curvature vanishes. The developing map is a local isomorphism, being a surjective and locally injective morphism of analytic varieties to a smooth analytic variety. By Proposition 2, the space Rm 0 is compact. Therefore the developing map Rm 0 → H ′ 0 x 0 is a covering map. In particular, every rational tree through m 0 in Rm 0 projects to a rational tree through x 0 in H ′ 0 x 0 , and conversely every rational tree in H ′ 0 x 0 lifts uniquely to a rational tree through m 0 in Rm 0 . Since Rm 0 is rationally connected, it follows that H ′ 0 x 0 is also rationally connected. The Doaudy space of deformations of a rational tree in H ′ 0 x 0 through x 0 is canonically isomorphic as a complex space to the Doaudy space of deformations of the corresponding rational tree in Rm 0 through m 0 . In particular, every component of that Douady space is proper.
By Proposition 2 there is some proper flat family of rational chains through m 0 whose rational chains cover all of Rm 0 . The corresponding flat family of rational chains through x 0 given by development has rational chains covering all of H ′ 0 x 0 . By lemma 14, both Rm 0 and H 0 x 0 are simply connected. Therefore the covering map Rm 0 → H ′ 0 x 0 is an isomorphism. 
is an isomorphism with a compact, simply connected, rationally connected complex manifold, so H ′ 0 x 0 is a compact, rationally connected, homogeneous complex manifold. By Proposition 4, Proof. Suppose that the model is (X, G) and let H ⊂ G be the stabilizer of a point x 0 ∈ X. For each point m 0 ∈ M and frame e 0 ∈ Em 0 , let H ′ 0 (e0) be the restricted drop group of e 0 . By freedom of rational trees, as we vary e 0 = e 0 (t), and correspondingly vary m 0 = m 0 (t), we can deform any rational tree f : T → M into a family f t : T → M so that a marked point on it passes through m 0 (t), and develop f t via the frame e 0 (t) to a family of rational trees through x 0 . These trees through x 0 form a family in X. One member of that family is a development via e 0 (0), and so by Proposition 3 the entire family is a development of a family g t : T → M via e 0 (0). Therefore the entire family lies inside the homogeneous space
(︀ e 0 (0) )︀ for any t in our family. Since the choice of t and 0 are arbitrary, H ′ 0 (︀ e 0 (t) )︀ is constant.
Lemma 20. The drop group of a holomorphic Cartan geometry on a connected complex manifold is independent of the choice of frame.
Proof. Take a complex homogeneous space (X, G) and let H ⊂ G be the stabilizer of a point x 0 ∈ X. Take a holomorphc (X, G)-geometry E → M on a connected complex manifold M. Pick a rational tree f 0 : T → M and a frame e 0 and an element h ∈ H. Suppose that f 1 : T → X is the development of f 0 via the frame e 0 . By left invariance on G the development of f 0 via the frame e 0 h is h −1 f 1 . Therefore extending the H-action. The H ′ -action on E| Rm 0 clearly varies holomorphically with choice of frame e 0 and of point m 0 by continuity of development of a family of integrals. We only have to prove that this action depends only on the choice of rational envelope, not the choice of point m 0 and frame e 0 .
Suppose we pick two points m 0 and m 1 in the same rational envelope, and two frames e 0 ∈ Em 0 and e 1 ∈ Em 1 . Since m 0 and m 1 lie in the same rational envelope, under development via e 0 , e 0 is taken to 1 ∈ H ′ , while e 1 is taken to some point of H ′ , say g. By left invariance, development by e 1 is just development by e 0 followed by left translation by g −1 . Since right action on H ′ commutes with left action, the right action of H ′ on E computed via either development is the same.
It is not immediately clear whether or not the action of H ′ turns E → E/H ′ into a principal H ′ -bundle; nonetheless we can see how the Cartan connection behaves.
Lemma 21. Under the hypotheses of Proposition 5, conditions (1), (2) and (3) of the definition of a Cartan connection (Definition 1) are satisfied (with H, h replaced by H ′ , h ′ and V replaced by g).
Proof. Condition (2): the Cartan connection is a linear isomorphism on each tangent space. This is clear because the Cartan connection is unchanged from the original Cartan geometry E → M. Condition (3): the H ′ -action is generated by the vector fields ⃗ A for A ∈ h ′ . This is true in the model, i.e., on G, and therefore on E because the H ′ -action is identified with the H ′ -action on H ′ ⊂ G. We only have to check condition (1): that the Cartan connection transforms in the adjoint representation.
The group H ′ is generated by H ′ 0 and H. Under H-action, the Cartan connection transforms in the adjoint representation. So it suffices to check if under H ′ 0 -action the Cartan connection transforms in the adjoint representation. By definition H ′ 0 is connected. Therefore it suffices to check whether under the Lie algebra action of the Lie algebra h ′ 0 of H ′ 0 , the Cartan connection transforms under the adjoint representation. In other words, for every vector A ∈ h ′ 0 , we need to check that
By the Cartan equation
and using the equation
we see that it suffices to check whether
i.e., whether ⃗ A ∇ω = 0, which we know already from Lemma 9. Proof. Let π : E → M be the bundle map. At each point e ∈ E, the Cartan connection ω gives a real linear isomorphism ωe : Te E → g. This isomorphism makes E into an almost complex manifold, using the complex linear structure on g. This almost complex structure is integrable just exactly when dω is a multiple of ω, or equivalently when the (2, 0)-part of dω valued in ω ∧ ω vanishes, or equivalently when the part of the curvature valued in g ⊗ C Λ 0,2 (︀ g/h )︀ vanishes. Should this occur, the 1-form ω is then holomorphic just when dω has no ω ∧ ω terms, that is the curvature is complex linear, in g ⊗ C Λ 2,0 (︀ g/h )︀ . Clearly the 1-form ω + h given by ωe + h : Te E → g/h is semi-basic for π. Let Ωe be the linear map Ωe :
for all v ∈ Te E, where m = π(e). Clearly Ωe is a linear isomorphism for each e ∈ E. Use Ωe to define a complex structure on Tm M. We know that r * g ω = Ad(g) −1 ω for all g ∈ H. Therefore Ωe transforms by a complex linear isomorphism if we move e while fixing the underlying point m = p(e). Therefore M has a unique almost complex structure for which π : E → M is holomorphic. But π is a submersion, so the almost complex structure is a complex structure. The morphism E → M is therefore a holomorphic principal bundle. 
Proof.
Suppose that H ⊂ G is the stabilizer of a point x 0 ∈ X. By development, we identify each H ′ -orbit in E with an H ′ -orbit in G, and therefore H ′ acts freely on E.
Consider an H ′ -orbit H ′ e 0 ⊂ E. By development of a rational envelope Rm 0 ⊂ M, we see that the rational envelope is identified with H ′ x 0 ⊂ X and the H ′ -orbit H ′ e 0 identified with H ′ . Since H ′ contains H 0 , H ′ is a union of path components in the preimage in G of H ′ x 0 ⊂ X. Therefore the orbit H ′ e 0 is a union of path components of the preimage in E of Rm 0 ⊂ M. Therefore H ′ e 0 is closed in E. Therefore each H ′ -orbit in E is a closed set and a submanifold biholomorphic to H ′ . At this step of our proof, we need a lemma:
Then S is a closed subset in E × E.
Proof. Take a convergent sequence of points en → e ∈ E and a convergent sequence of points en gn → e ′ ∈ E with gn a sequence in H ′ . We want to prove that e ′ = eg for some g ∈ H ′ . Write the map E → M as π : E → M. Let mn = π (en), m = π (e) and m ′ = π (︀ e ′ )︀ . By definition of H ′ , we can find a sequence of rational trees fn : Tn → M, with fn passing through mn, so that there is a path in f * n E from en to en gn. By Proposition 2, we can choose all of these trees to live in the same proper flat family over a compact parameter space. After perhaps slightly perturbing the various en and gn, we can choose these trees fn to have a uniform bound on their number of rational curve components. We can even demand that every one of these trees has a single component, by Lemma 7 on page 152. By the compactness of the components of the Douady spaces, we can therefore replace these trees by a convergent subsequence converging to a rational tree (perhaps with some larger number of rational curve components). The limit is a rational tree f : T → M so that f * E contains both e and e ′ . The development of f via e lies in H ′ x 0 , so we see that e ′ = eg for some g ∈ H ′ .
Returning to the proof of the theorem, clearly S is an immersed submanifold of E × E, since the map (e, g) ↦ → (e, eg) is a local biholomorphism to S. Moreover, this map is 1-1, since H ′ acts freely. Therefore S ⊂ E × E is a closed set and a submanifold. Therefore E/H ′ admits a unique smooth structure as a smooth manifold for which E → E/H ′ is a smooth submersion [1, p. 262] . We now prove Theorem 2.
Proof. By Proposition 6, if there is a rational curve in M, then we can drop, say to some geometry E → M ′ . Since every rational curve lies in a rational envelope in M, all rational curves in M lie in the fibers of M → M ′ . If M ′ contains a rational curve, we can repeat this process, dropping to some geometry E → M ′′ , etc. At each step, we reduce dimension by at least one, i.e., dim M ′ ≤ dim M − 1, since the connected components of the fibers of M → M ′ are rational homogeneous varieties containing rational curves. Therefore after finitely many drops, we arrive at a drop which contains no rational curves, say M → M, say a drop to a G/H-geometry.
At Proof. Replace X with its normalization [28, p. 161 Thm. 2] to ensure that X is smooth in codimension 1. Since E has codimension 1, we can replace Y with an open subset to assume that both X and E are smooth and irreducible.
By Hironaka's Chow lemma [27, p. 293 , Cor. 2.9], after perhaps restricting to smaller open sets, we can find closed subvarieties X 0 . .= E ⊂ X and Y 0 ⊂ Y so that X 0 = f −1 Y 0 so that the blowup p :̃︀ X → X along X 0 is isomorphic to the blowup p :
Thereforẽ︀ X 0 =̃︀ Y 0 is covered in rational curves which project to points in Y. Pick any projective line, linearly embedded in projective space: g : P 1 → P k = PN y0,Y /Y0 =̃︀ Y 0,y0 . These lines cover the fibers of̃︀ Y 0 → Y 0 . Since the rational curve g projects to a point y 0 ∈ Y, any small deformation of g as a map toỸ maps into a Stein neighborhood of y 0 ∈ Y, so also has image in Y a single point. Therefore the image of any deformation of g lies insidẽ︀ Y 0 =̃︀ X 0 . So the compositionḡ of P 1X X g has image inside E = X 0 . Ifḡ is constant for generic g, then the fibers ofX 0 → X 0 are the same as the fibers ofỸ 0 → Y 0 so X = Y, a contradiction. Suppose thatḡ : P 1 → X is free. By freedom, there is a section v ofḡ * TX not tangent to X 0 at x 0 . Free curves are unobstructed, so this section is the velocity of a curve in the Douady deformation space of the graph ofḡ. Pulling back the universal flat family to that curve makesḡ a fiber in a ruled surface S → X. In particular, the generic ruling line of S has finite intersection with X 0 . The map S → X lifts into a map S →X by the universal mapping property of blowups [27, p. 291, Cor. 2.2] . ButX =Ỹ, so this map lies inỸ.
In particular ifḡ lies in E then there is a rational curve iñ︀ Y 0,y0 that belongs to a ruled surface S not contained iñ︀ Y 0 , contradicting our reasoning above. Proof. Let X ′ ⊂ X × M be the graph of a meromorphic map X M. Composing the inclusion and projection X ′ → X × M → X gives a proper modification X ′ → X. Assume the exceptional divisor of X ′ → X is nonempty, i.e. X ′ → X is not a biholomorphism.
By lemma 25, there is a nonfree rational curve on X ′ mapping to a point in X through the generic point of the exceptional divisor. Every deformation in X × M of this rational curve is then just precisely a deformation of the rational curve on M and a point of X to map to. But there are no rational curves on M. Hence the exceptional divisor of X ′ → X is empty and the map is defined everywhere. Corollary 8. Any bimeromorphism of compact complex manifolds with no rational curves extends to a unique biholomorphism.
Moishezon manifolds
Lemma 27. Every holomorphic fiber bundle with rational homogeneous fibers and smooth projective base has smooth projective total space. Proof. The result is true for bundles with projective space fibers [7, p. 139 Prop. 4.1] . Take a rational homogeneous variety X = G/P, where we assume G is the automorphism group of X, hence a complex semisimple Lie group. Then X admits a G-equivariant projective embedding [23, p. 382 ]: let Px be the stabilizer of each point x ∈ X, px its Lie algebra, and map
x ∈ X ↦ → Λ top (px) ∈ P (︁ Λ dim P (g) )︁ = P r .
The total space of any holomorphic X-bundle is thus a compact embedded complex submanifold of the total space of a P r -bundle. The total space of the P r -bundle is a smooth projective variety, so the total space of the X-bundle is a smooth projective variety by the Kodaira embedding theorem.
The idea behind the proof is easy: every infinitesimal symmetry v satisfies
for every A ∈ g. Therefore v is invariant under the flows of all of these ⃗ A vector fields. But these vector fields span the tangent spaces of E, so act locally transitively, extending v to be defined everywhere on some covering space of E (to handle potential monodromy), preserving ω and commuting with the ⃗ A by analytic continuation.
Corollary 9. On a complex manifold M, every meromorphic infinitesimal symmetry of a holomorphic Cartan geometry is holomorphic.
Proof. The infinitesimal symmetry commutes with the vector fields ⃗ A, so extends to be invariant along their flows, giving a global holomorphic extension. Biswas and Bruzzo [10] proved a special case of the main theorem above. Suppose that M is a compact connected Kähler manifold with numerically effective tangent bundle. Then some finite unramified covering of M admits a holomorphic surjective submersion to a complex torus [17] with Fano fibers (and hence rationally connected fibers). Biswas and Bruzzo prove that if M admits a holomorphic Cartan geometry, then these fibers are rational homogeneous varieties, which is clearly a consequence of the main theorem above.
Relation to the literature
The authors [12] also previously proved a special case of the main theorem above: rationally connected compact complex manifolds carrying a holomorphic Cartan geometry are rational homogeneous varieties. We also proved in that paper that any compact Kähler manifold with trivial canonical bundle bearing a holomorphic Cartan geometry admits a finite unramified covering by a complex torus. Dumitrescu [19] proved the same result for structures of affine type, and we previously proved the same result for smooth projective varieties [11] . If the holomorphic Cartan geometry is parabolic, then it pulls back to a translation invariant holomorphic Cartan geometry on the torus [42] . Dumitrescu and McKay conjecture that all flat holomorphic Cartan geometries on any complex torus are translation invariant.
The explicit classification of holomorphic Cartan geometries on uniruled compact complex surfaces [43] employs the main theorem above. Say that a complex homogeneous space (X, G) is rigid among smooth projective varieties (or Moishezon manifolds) if any holomorphic (X, G)-geometry with that model can only exist on a unique smooth projective variety (or Moishezon manifold): the model X, and the complex manifold X admits a unique holomorphic (X, G)-geometry. The main theorem also ensures that certain complex homogeneous spaces (X, G) are rigid among smooth projective varieties [44] . Corollary 2 on page 146 extends this rigidity to rigidity among Moishezon manifolds. A weaker form of rigidity occurs for a larger class of holomorphic Cartan geometries [41] : the relations among characteristic classes on the model are also satisfied on any compact Kähler manifold with such a geometry.
